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This paper analyzes a fundamental aspect of the Hiickel model through the hyperviral theorem. The
analysis leads to the condition to be satisfied by bond orders and site electron densities as a set of linear equations.
The condition, named the hypervirial condition, is common to all the eigenstates of the Htickel model
Hamiltonian and brings information on a sort of detailed balance in electron distribution. The hypervirial and
the symmetry conditions are related to each other, being consistent but not fully equivalent. Examination of the
relation between the two conditions results in the concept of the “intrinsic’’ hypervirial condition that remains
nontrivial with the symmetry condition fulfilled. Several examples provide various expressions obtainable from
the hypervirial condition to facilitate understanding the nature of the condition. A few features of the
hypervirial condition for alternant systems are mentioned.

The Huickel medel''? is one of the simplest
independent-particle models in the electronic structure
theory of molecules and has been extensively used and
investigated since the dawn of quantum chemistry.?
The model will never lose its value in studies on
molecular electronic structures particularly of conju-
gated systems, at least as a qualitative guide. We
should regard the Hiickel model as a tool of sketching
out some essentials of the behavior of electrons in
molecules rather than a crude approximation to real
systems.

Nowadays we have no practical difficulty at all in
“solving” the Hitickel model numerically for indi-
vidual systems except for extreme cases. With the
Huickel matrix given, or usually with a pertinent set of
geometrical parameters inputted, the computer im-
mediately prints out molecular orbitals, their energies,
electron densities, bond orders, and so on. This does
not mean, however, that nothing remains to be ex-
plored in the world of the Htickel model. Above all,
significant is to investigate the general characteristics
of the model itself which might be hardly revealed
through individual numerical calculations. In fact,
for example, various graph-theoretical approaches?
and the propagator formalism® as well as Coulson and
Longuet-Higgins’ formalism® have enriched our
recognition on the Htickel model soundly.

What is intended in this paper is not to propose a
novel far-reaching methodology but only to analyze a
certain fundamental aspect of the Hiickel model
through the hypervirial theorem.” Still, the author
believes that this must advance our understanding of
the Huickel model.

We have the six sections below: the first is the
preliminary section where basic definitions are intro-
duced on the Hamiltonian, bond orders, and so on. In
the second section the hypervirial condition upon
bond orders and site electron densities are derived from
the hypervirial theorem. The third section describes
the symmetry condition in the language of permu-
tation group theory, outlining the relation between the
hypervirial and the symmetry conditions. The fourth

section concerns the intrinsic hypervirial condition
that remains nontrivial with the symmetry condition
fulfilled. Several illustrative examples follow in the
subsequent section. The last section touches upon the
hypervirial condition for alternant systems.

Preliminaries

Suppose an electronic system of m sites. Denote
the set {1,.-.,m} of the sites by M and the set {1,1} of the
one-electron spin states by ©. The Hiickel model
assumes that the system has the 2m one-electron
quantum states {ru} specified by the site r€M and the
spin u€EQY and that the creators {af,} and the
annihilators {a,,} for the one-electron quantum states
{ru} fulfil the canonical anticommutation relation.
The Hiickel model Hamiltonian H is defined with the
creators and the annihilators as

H =73 by(alas + ataq), (1)
r,sEM
where {b,s} are the components of what is called the
Huickel matrix. Assume that the Htickel matrix B is
real symmetric, which makes the model transparent
without serious loss of physical contents. The matrix
is almost always simplified further.

Designate the two ordered pairs of different sites
7,SEM as rs and sr. Let L denote the set of all the pairs
composed of different sites of M. Call the pair rs the
connected pair if the sites r and s are bonded, noting
that the word ““bonded” is used here with regard to the
site framework but not to the electronic structure
considered. Denote the subset of L that consists of all
the connected pairs by Y and the complementary
subset by Y. Let us refer to the model with the
simplification

Brs (rs€Y)
b = 2)
0 (rs€EY)

as the semisimple Hiickel model? and to the model
with the more popular simplification
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o (r=s)
bs={B  (15€Y) 3)
0 (rs€Y)

as the simple Htickel model.

The most informative quantities of definite physical
meaning in the Htickel model are electron densities
{g-} on sites and bond orders {p,s} between sites.1? Let
us call them p-densities generically for convenience’
sake, often designating g: as p». Although p-densities
are defined originally in terms of Hriickel orbital
coefficients, we can generalize the definition quite
naturally. Put

Pus = (al,as, + al,an)/2
(r,sEM; nEQ) 4)
Lo = — i(al,as — al,a1)/2
and define
Duwrs = (| PWSI>
(1,5€EM; pEQ) (5)
Zyrs = s>

for each eigenstate | ) of H. We can define p-densities
by '
prs = | (prs + pus)|> = pus + pus  (r,sEM).  (6)

The matrix P of the component {p,s} is real symmetric
necessarily. Let us call the matrix the p-density
matrix.!?

Hypervirial Condition

The hypervirial theorem affirms that any eigenstate
| E) of the Hamiltonian H of a system fulfils

KE|[(A, A1lEy =0 )

for any linear operator A of the system. Since the
Huiickel model has the one-body Hamiltonian conserv-
ing the spin, essential is the one-body hypervirial
theorem!?

<|[H, a}as]|> =0 (1,5EM; pEQ), 8)
which is rewritten by calculating the commutator as

%(bndaﬁ,,as,‘I) —<lalaul>bs) =0 (rsEM; pEQ). (9)
te

Thus, we find that the combination corresponding to
[H, iLws)|> =0 (r<s€EM; peQ) (10)

suffices to give the linear equations for {p.s}
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tezllw(bnp,.m — Purnbis) =0 (1<sEM; ueQ).  (11)

Here, the case of >s is excluded because the equation
for rs is essentially identical with that for s7; the case of
r=s, giving nothing, is also excluded. By virtue of the
linearity the same equations hold for {p,s}. Let us refer
to the equations the hypervirial relationships and
shorten “hypervirial relationship” to “HVR” from
now on.

We can take the other combination independent of
the above one. The combination corresponding to

I[H, ipws]|> =0 (12)

leads to the linear equations for {z.}

(r=sEM; pEQ)

EEM(anpts — Zunbis) = 0 (r=sEM; neQ). (13)
I
However, after all, these equations do not give more

than the reality condition

Zus =0 (1,5EM; pEQ), (14)
which is a natural consequence of the reality as-
sumption of the Hiickel matrix.

To return, regarding the HVRs for p-densities as a
condition imposed upon p-densities, call it the
hypervirial condition, which is abbreviated as the
HVC in the following. The HVC can be expressed

compactly in the matrix form as!3.14

[B, P1=0. (15)

In particular, for the simple Huickel model, we have
[J,P1=0 (16)

with the adjacency matrix J.15:1® Bear it in mind that
the HVC is common to all the eigenstates of H without
regard to the number of electrons contained. Say, by
supposing the one-electron eigenstate, p-densities in
the HVC are read as the p-densities due to one Huickel
orbital. With the number n of electrons fixed, we have
the number condition

n=3pn (17)
reM

as a condition independent of the HVC. Then, the
HVC plus the number condition is common to all the
n-electron eigenstates of H.

Now let n, denote the number of u-spin electrons in
a system. When n; and n, differ, each of the HVCs
upon {ps} and upon {pus} becomes meaningful under
the number conditions for n,’s.1” However, as long as
we do not substitute numbers for n,’s, the condition
upon {p.s} is identical with that upon p-densities in
the form of equations. In what follows, the condition
upon p-densities is treated representatively; it is
enough to affix the subscript “t”’ or “I”’ (or “u’’) to “p”’
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and “n” for the others.
A little arrangement of terms in HVRs is preferable,
particulary for practical purposes. Putting

drs = brs (qr — qs), (18)
ers = (bn — bss) prs, (19)

and
(20)

fi=2X bnpts,
t#r,s
we write the HVR for rs as

es T f; = fi = dus. @n
The left side concerns only bond orders, while the
right does site electron densities. Note that drs and es
are antisymmetric for the interchange of r and s, but
that f5 and f; differ in general. We can leave d,s and ers
out of account, respectively, for b,=0 and for b,=bs.
Let Cs be the set of sites adjacent to r other than s. Note
that C7 differs from C$ in general. For the semisimple
Hutickel model, the summation in f§ runs over C$ and
the term d,s vanishes unless 7s is a connected pair. In
particular, the simple Htickel model has the exquisite-
ly simple HVRs independent of values of @ and S;
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fi—fi=1ds (22)
with
fi = s (23)
t€c?
and
R qr— Qqs (1s€Y)
drs = _ (24)
0 (rs€Y).

Table 1 is an adequate dictionary for a diagrammatic
representation of HVRs for the semisimple Huickel
model, which can be used for the simple Htickel model
with trivial translation. The diagrammatic represen-
tation will be found quite useful for writing out HVRs
for individual systems. It may help us conceive the
physical meaning of HVRs.

It is obvious that the HVC brings information on a
sort of detailed balance in electron distribution in a
system. Some portion of the balance is, however, often
ascribable to the symmetry of the system. The number
N of independent HVRs is given by

Nev=m(m —1)/2. (25)

Table 1. Diagrammatic Representation of HVRs for the Semisimple Htickel Model®
Term Diagram
For adjacent rs For nonadjacent rs
fs
r
€rs

a) Read fias ffand d,s as dys withall B’s unity for the simple Hiickel model, which has no term corresponding to e,s.
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The equality holds only for systems of no ‘“spatial”
symmetry at all. The symmetry condition often makes
some HVRs trivial, while the HVC often contains
some part of the symmetry condition. Let us proceed
with this problem.

Symmetry Condition

The symmetry of molecular systems is to be treated
generally through the point group.® However, it is
pertinent and rather essential for the present purpose
to consider the symmetry of the Huickel matrix with
permutation groups.!® Let Sp, be the symmetric group
on M and designate the element consequent on the
action of x€S,» on r€M simply as xr. Let G, a subgroup
of Sm, be the permutation group consisting of all the
permutations {x} that keep the Huiickel matrix B
invariant in the sense that

bxrxs = brs (r,sEM). (26)
The permutation group G carries the characteristics of
the symmetry of B which fully reflects the symmetry of
a system in the Hiickel model.

Here, tentatively, the state|) is said to be faithful if it

fulfils

U purss|> = | pus| > (r,5EM; pEQ) (x€G).  (27)
Any nondegenerate eigenstate of H is easily proved to
be faithful. For degenerate eigenstates, however, rel-
evant choice is required for the eigenstates to be faith-
ful. Arbitrary configurations composed of Huickel
orbitals cannot necessarily lead us to faithful states,
even if they are eigenstates of H. Only faithful
eigenstates are natural and satisfactory as stationary
states of an entire systemn.10:20 [ et us confine ourselves
to faithful eigenstates when the permutational sym-
metry is considered.

Two elements r,s€M are said to be transitive if there
exists x€G satisfying s=xr. The transitivity is an
equivalence relation and gives the classification of M

with {I} the equivalence classes, which are called the
orbits on M.20 Let V denote the set {l,..-,u} of the
subscripts of the orbits. Likewise, two elements
rs,tu€L are said to be transitive if there exists x€G
satisfying tu=xrxs. We have the classification of L

L=#M4+ ... +4, (29)

with {4;} the orbits on L. Denote the set {1,...,w} of the
subscripts by W. The orbit on M and that on L are
often called the site orbit and the pair orbit,
respectively. The number of elements contained in an
orbit is conventionally called the length of the orbit.
Using the concept of orbits, we can write the per-
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mutational symmetry condition as

qr=gs (r,s€T) (each €V)
(30)

Drs = P (15,tu€EA) (each 1€W).
Note that this does not always reproduce the transposi-
tional symmetry inherent in bond orders completely.2?
The modifier “permutational” stands for this fact.
The symmetry condition is abbreviated as the SC in the
following.

Let us define the subset 4; of L, which is said to be

dual with 4;, as

A4; = {rs|sr€A} (IEW). (31)
Evidently, the subset 4; is a pair orbit, identical or
disjoint with A4;. The pair orbit 4; is said to be selfdual
if identical with 4;, and nonselfdual otherwise. Let w®
be the number of selfdual orbits plus half the number
of nonselfdual ones. Arranging the subscripts of pair
orbits relevantly, we can make the w® “pseudorbits’’2?

6= A:U 4 (€W = {1,---,w°)). 32)
constitute L. The pseudorbits enable us to incorporate
the transpositional symmetry into the SC;

qr=qs (r,s€I) (each 1€V)
(33)

Drs = P (15,tUEO)) (each :€W°).
For the number N, of symmetry-independent p-
densities, we have

N, =v + w° (34)
immediately from this.

To see the general relation between the HVC and the
SC, let us use the matrix notation, denoting the per-
mutation matrix corresponding to x€G by X. The
transpositional symmetry is always presupposed here;
we can identify the SC with the permutational SC.
What serves the purpose is the Lie-Jacobi identity

[[B, P), X]+ [[P, X], B] + [[X, B], P] =0 (x€G), (35)
which is reduced by the invariance of B to

([B, P, X] = [[X, P], B] (x€G6), (36)

showing the consistency of the HVC and the SC im-

mediately. If the HVC is presupposed, we have
[[X,Pl,B]=0 (x€EG). @37

Clearly, this cannot make all [X, P]’s for x€G vanish in

general. On the other hand, with the SC presupposed,
we have
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[[B,P], X]=0 (xE€G). (38)
This assures that [B, P] has the same permutational
symmetry as B and P, but does not suffice to reproduce
the HVC in general. The next section will clarify what
follows upon the HVC from the presupposed SC in
some detail.

Group theory is ready to provide some interesting
results about the number of site orbits, that of pair
orbits, lengths of them, and so on. However, let us
skip the subject now, which is of rather mathematical
interest. Actually, it is not difficult to check site orbits
and pair orbits for a given system, usually much easier
than to find the permutation group itself.

Intrinsic Hypervirial Condition

Because the SC is quite simple and much more
accessible than the HVC, we suppose that the SC is
fulfilled prior to the HVC in taking account of both.
Let us refer to the HVR left nontrivial with the SC
fulfilled as the intrinsic HVR and name the condition
consisting of intrinsic HVRSs the intrinsic HVC. The
reason why we treat the SC using the concept of orbits
is that the concept is advantageous for describing the
intrinsic HVC.

For two arbitrary elements rs and r’s’ of a pair orbit,
we always have the permutation x€G that fulfils r'=xr
and s’=xs. Hence, noting

Nbupis = D brapay = 2 br'tpts’, (39)

teEM teM teM
we find that the HVR for r’s’ is identical with that for
rs. Since the HVRs for rs and for sr are essentially
identical, we can conclude that each pseudorbit
corresponds to its HVR, whether the HVR is intrinsic
or not. This neat result, mentioned in the preceding
section already, is not all that follow from the pre-
supposed SC.

Let rs be an arbitrary element of a selfdual orbit.
Then, there exists the permutation x€G that fulfils
x(rs)=sr. Since this means xr=s and xs=r, we have

Dbups =X bsxzpm = 3 bupur, (40)
teM teEM teM
which makes the HVR for rs trivial. Thus, the
intrinsic HVC contains no HVRs for selfdual orbits.
This is the most crucial result that is also fundamental
for writing out intrinsic HVRs for individual systems.

To outline locations of selfdual and nonselfdual
orbits in L, it is suitable to define the region L; as

L= {rs€L|r€l; s€I}}  (i,jEV). (41)
Let us refer to L as the diagonal region if i=j and as
the off-diagonal region otherwise. Diagonal regions
are defined for site orbits of length more than unity.

Makoto IsiHARA

[Vol. 62, No. 7

We readily find that no orbit spreads over separate
regions and that no orbit in off-diagonal regions is
selfdual. Hence, orbits in off-diagonal regions are to
correspond to intrinsic HVRs. Since orbits in the off-
diagonal region Lj; are dual with orbits in L;, we have
only to consider off-diagonal regions for <j. On the
other hand, orbits in diagonal regions are almost
exclusively selfdual and scarcely lead to intrinsic
HVRs. Roughly speaking, as the symmetry of a sys-
tem becomes lower, we have more intrinsic HVRs.

Actually, it is never laborious to check whether a site
pair belongs to a selfdual orbit or not; yet, as to orbits
in diagonal regions, the following cases are worth
noting.

(1) If the length of an orbit I is two, then L; is a
selfdual orbit in itself.

(2) Let I';be an orbit of length | I;| more than two. If
there exists no other site orbit of the same length as
| I3, then all the orbits in L; are selfdual.

(3) As a corollary of the above, if we have only one
orbit on M, that is, if M itself is an orbit, then all the
pair orbits are selfdual.

The proofs of these are omitted, but it will be easy to
comprehend them by supposing relevant configura-
tions of sites.

Now assume that we have more than one orbits I's
of the same length more than two. Of course, it is
probable for orbits in L;’s to be selfdual. However, if
G is a cyclic group of order more than two, it is
possible for orbits in Li’s to be nonselfdual. Then,
HVRs for orbits in different L;’s are, moreover, not
all independent of each other. Such a case is very
exceptional and not discussed here in further detail.
Instead, a typical example is shown in Fig. 1, which
will be enough to understand when exceptional cases
occur.

Consider the number N, of p-densities left in-
dependent with both of the SC and the HVC fulfilled.
Put exceptional cases aside for brevity. The number of
intrinsic HVRs is equal to that of pseudorbits in off-
diagonal regions, so that, using the number N’ of

pseudorbits in diagonal regions, we have
NS =v+ N (42)

Let N; denote the number of pseudorbits in the

Fig. 1. Nonselfdual orbits in diagonal regions:
Nn={1,2,3}, I.:={4,5,6}, 4:={12,23,31}, Lu=A:+4,,
and so on.
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diagonal region for an orbit I of length |I;|. The
obvious, rough estimate

N/=|L| —1 (i€y) (43)
leads to
N =N/ =m—v (44)
i€V
and gives
NS =m. (45)

If | I1| is more than two and if G contains a cyclic
group of order | I'1|, then we have the better estimate

N{ =[|]/2], (46)
where [...] is Gaull’ symbol. This can improve the
estimate for N, considerably for systems of high
symmetry.

The discussion in this section may be too crude from
a mathematical point of view; there is plenty of room
for refinement. Nevertheless, the results obtained here
is adequate to work with the intrinsic HVC practical-

ly.

Illustrative Examples

What the HVC implies will be understood well
through working on several examples. Some hints as
to when and how to utilize the HVC may also be
obtained. The best way for writing out HVRs for
individual systems (without computers) is probably to
use the diagrammatic repesentation over so-called
structure formulas. Although the diagrammatic
method needs neither the Hiickel matrix nor the p-
density matrix written explicitly, most of the follow-
ing examples have expressions of the matrices for the
sake of clarity, half of the off-diagonal components
being often omitted to avoid useless complexity.

Simple Systems. The simplest example that has
the intrinsic HVC is the asymmetric two-site system
shown in Fig. 2 (a). Put

a B
B= ) (47)
B a’
and
q p
P= (48)
p q’

The nonselfdual orbit {12} corresponds to the intrinsic
HVR
(a—a)p=B(g—q), (49)

which means that the bond order is proportional to the
difference between the electron densities on the two
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sites with the proportionality constant 8/(a—a’). If
B=0, then we have p=0 for a’#a. If we put o’=gq, the
HVR becomes q’=q for nonvanishing 8. Then, the
HVR is not intrinsic, contained in the SC.

The three-site chain system is another instructive
simple example. Let the middle site be the third one,
as shown in Fig. 2 (b). The semisimple Htickel model
for the system has

o 0 B
B= o B (50)
B ﬁll a/
and
pl
P P p/ q// pll (51)
v q
The three HVRs for the pairs 12, 13, and 23 are
(a—a")p' + Bp” —B'p=0
(a—a)p—B"P"=B(q—q) (52)
(a” —_— al) p/l — Bpl — B/I (qll —_— ql)‘
The case of a”=a lets the first HVR mean
p/B=p"/B", (53)

which is ready to give p”=p for B”=p. Really, assume
that B”=f besides a”=a. Then, the two site orbits
In={1,2} and I.={3} follow immediately. The
diagonal region L;; contains only one selfdual orbit
A:={12,21}; the off-diagonal region Li2 does only one
nonselfdual orbit 4:={13,23}. We have the SC that

Fig. 2. Simple systems.
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q"=q and p”=p. Intrinsic is only the HVR for A2

q— (a—a)/Bp=q — ¢, (54)
which is reduced further to
9=q —¢p’ (55)
in the simple Hiickel model.
A Theorem on Invariants in Chains. It will be

suitable to mention here a general theorem for chains
in the simple Hiickel model. Only bifurcation sites
being aside, the theorem is valid for any chain part of
arbitrary systems. The term “chain part” should be
taken here in a broad sense; a chain part is able to have
no end site or to be a part of a ring. The theorem is
explained in Figs. 3 and 4.

Let K be the set of nonterminal sites {1,.--,k} in a
chain and g, be the electron density on the site r€K.
Each site of K has two adjacent sites; let p, denote the
bond order between the two sites adjacent to r. Define
the modified electron density g, on the site r as

G =qr— pr (r€K). (56)
Then, the HVC leads us to the invariance of the
modified site electron density in the chain;

Gr=4qs (1,5€K). (57)

Moreover, if the chain has an end site, we have

Gr = qo (r€K), (58)
where go is the electron density on the end site. Of
course, this can be paraphrased into the invariance of
the modified site electron density in the chain by the
natural definition go=qo. Thus, we can assign a

; 2
N p oL
=X
g
@
g
m S
2
(b)

Fig. 3. The invariance of the modified site electron
densjty ~in a~chain: (a) §1=9s="---=q, with ¢,=q,—p,,
(b) g0=g1=Qg>="--- with go=qo.
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unique modified site electron density to a chain.

This theorem holds for any eigenstate of H, whether
faithful or not, without regard to the number of
electrons or the alternant symmetry. Hence, we may
regard the theorem as a generalization of Coulson-
Rushbrooke’s theorem,?¥ as far as chain parts are
concerned. Unfortunately, the bifurcation site pre-
vents us from defining the modified electron density
on the site uniquely. If we intend to sustain the
invariance of the modified site electron density in-
cluding bifurcation sites, it seems to be inevitable to
assign a few direction-dependent modified electron
densities to bifurcation sites.

We can generalize the theorem into “‘the invariance
of the modified p-density in a chain” directly. The
modified bond order between adjacent sites is defin-
able for chains containing more than one sites apart
from bifurcation sites. Here, use single letters {1,..-,7}
for nonterminal connected pairs in a chain. Denote
the set by T, each pair of which has two adjacent sites.
Let p¢ be the bond order for the pair ¢ET and p; be that
between the two sites adjacent to £ Then, it follows
from the HVC that the modified bond order

Pe = pe — bt (¢€T) (59)
is invariant in the chain;
be = Pn (€m€ET). (60)

If the chain has an end connected pair, we have
Pe = po (¢€T) (61)

with the bond order po for the end connected pair. Itis

-
T

AN AN
/N_E S \

Ne
\

~N

v
(a)
.

VR

((

)
M

-

(b)

Fig. 4. The invariance of the modified bond order
betwegn adjacent sit~es in a chain: (a) b1=p=---=p,
with p=ps—p¢, (b) Po=pr=po=--. with Po=po.
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easy to apply the above treatment to bond orders
between sites distant in a chain, with defining modi-
fied bond orders relevantly.

Consider the bond order p. between the two end sites
of a chain. Successive applications of the above
theorem for modified p-densities enable us to connect
p. with other two p-densities in a simple way as
follows. For even-membered chains, use the bond
order p for the central connected pair and the bond

O
(O A

3

(@)

@

Fig. 5. The bond order between the two ends of a
chain: (a) p.=p—p’, (b) p=9—q’.

(b)

(b)

Fig. 6. Systms of a ring with a site attached.
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order p’ for the connected pair adjacent to it; for odd-
membered chains, use the electron density g on the
central site and the electron density q’ on the site
adjacent to it. Then, we have

pe=p—p’ (even-membered)
(62)
pe=q—q (odd-membered).
Figure 5 shows a few representatives with the notation.
Systems of a Ring with a Site Attached. Let us take
the simple Hiickel model for the system shown in
Fig. 6 (a), which is appropriate for practice-minded
readers to master handling HVRs. Putting

«a B B O
B= a B 0 (63)
a B
@
and
q p p P
P= a v (64)
q p°
q° |,

we have the three site orbits I1={1,2}, I2={3}, and
I'3={4}. Each of the three off-diagonal regions L2, Li3,
and Lg3 is a nonselfdual orbit in itself, so that the
intrinsic HVRs are

’

P —p—p'=q—q
p°+p"—p'=0 (65)
2[7”=Q'—q°‘

Now let us express p’, p°, and p” in terms of the other
p-densities q, q’, q°, and p. Then, we have

p'=p+q—(q +q°)/2 (66)
rP=ptq—q, (67)
and
P’ =1(q" —q°)/2 (68)
Further, the number condition
n=2q+q +q° (69)

can eliminate, say, q’, from these. Using the “excess
electron densities on sites”’

q=g—n/4
(70)
g° =q° —n/4,
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we obtain
p'=p+2q, 1)
p°=p+3q+q°, (72)
and
p'=—q—q° (73)

When we take account of the number condition, the
concept of excess electron densities on sites is useful in
general.

Another system similar to this is shown in Fig. 6 (b)
together with the notation used below. Treating the
system within the simple Hiickel model, we have the
four site orbits I1={1,2}, I:={3,4}, I's={5}, and I',={6}.
The off-diagonal region L2 contains two nonselfdual
orbits, while each of Li3, L14, La3, Lgs4, and L34 is a
nonselfdual orbit in itself. Thus the intrinsic HVC
consists of seven HVRs expressed in terms of thirteen
p-densities. Here, let us only show a few expressions
for p°, without writing the HVRs explicitly. Itiseasy
to derive

pP=pta—¢q (74)
from the HVRs. As another expression, say, we have
p°=p+2q+¢q, (75)

using the number condition.

Systems of a Site over a Ring. Consider the six-site
system composed of a pentagonal ring and an
additional site over the ring. See Fig. 7. Assuming the
five-fold axis, put

@ B 0 0 B B
a®  pe° B
B = a® f° B (76)
a° B° B
a® B
o
and
q° p7 b2 p: P P
q° p7 P2 p: P
P= q° pi p: P (77
q° p7 b
q° p
7

Since the site orbits are I'={1,...,5} and I;={6}, we
have only one off-diagonal region Lz, which is a
nonselfdual orbit in itself and gives one HVR. If we
define @ and g for the ring by

a=a° +2B° (78)
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Fig. 7.

A site over a pentagonal ring.

@ (b) ©

Fig. 8. Z=’s for polygonal rings: (a) E=2p°, (b) E=
207+D;5, (c) E=207+205+D3.

and
q=q¢°t+& (79)

with
Z=2p7 + 207, (80)

we can write the HVR in the same form as that for the
asymmetric two-site system as

(a=a)p=B(q—q) (81)

However, there exists the qualitative difference between
them that arises from the contents of @ and q. Only
when either (a—a’) or (q—¢q’) is negative, we have
positive p under negative 8. Further, for|p| not to be
negligible, it is necessary that |a—a’| is comparable
with or smaller than | 8|. The contents of a and g are
thus significant.

Even if a pentagonal ring is replaced with another
polygonal ring of m?® sites, we have a HVR of the same
form as the above by reading = as the sum of m°—1
bond orders between one site and the others of the
polygonal ring. A few Z’s are given in Fig. 8.

Interacting Subsystems. Suppose the six-site system
composed of the four- and the two-site chain subsystems
interacting with each other. See Fig. 9. The system
provides a simple example suggesting some applica-
bility of the HVC to problems on reactivity. Adopting
the simple Hiickel model in the subsystems and
assuming the reflection symmetry, we have
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Fig. 9. Interacting four- and two-site subsystems.
a B B O
a 0 B
B = a 0 B O (82)
o B’
a B
a
and

Q. t P ps P1 b2

’

q1 ps p3 p2 ?

pP= gz pz p3 i (83)
g2 bs b3
qs  ps
qs

The site orbits are I1={1,2}, I:={3,4}, and I3={5,6};
each of Li2, Li3, and Laz contains two nonselfdual
orbits. Thus, we have the six HVRs

s —Ap1 = q1— q2
p2tps—p1—Ap; =0

ps — Aps=0 (84)
pi —Apa=10

b1 — b = A(q2 — qa)

p2 — s+ A(ps — p2) =0,

where

A=pB/B (85)

is regarded as standing for the strength of the inter-
action between the subsystems. The HVRs allow us
to express the four intersubsystemn bond orders p7, p3,
ps, and p; in terms of six relevant intrasubsystem
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p-densities.

If we use the electron densities q1, g2, and g3 and the
intrasubsystem bond orders pi1, ps, and ps between
adjacent sites, then we have

p1 = A — ) Yq1 — qa), (86)
P2 = A1 — 22" Yp1 — ps), (87)

and
pi=A( —A%1qr — Aga— A3 (1 — A?)-1gs.  (89)

The third equation for pj3 is crucial. Let B8 be negative
and ps be positive. If | 8’| is small, then |pj| will be
small necessarily. The sign of p3 is, however, opposite
to that of B’. This means that | p5| can be enlarged in
“positive feedback” .with |8’|. Another remarkable
point is that p; and pj are, respectively, closely related
to the inter- and intra-subsystem differences between
the electron densities. This stands out in the ap-
proximate expressions

p1=A(q1 — q3) (90)
and

pe=A(q1— q2) (91)

for the weak interaction | 1|<1.
It is, of course, possible to use other intrasubsystem
p-densities than the above. Say, we can rewrite pj as

ps=A(1 — A2 1py — Ape — A3(1 — A2)1ps
= A(pr — p2) (92)

using p1, pe, and ps.

Generally speaking, we should derive the most
advisable expression from HVRs to our purpose. As
far as the expression is reasonably simple, we will find
its physical meaning, aside from whether or not our
intuition is able to draw some image about the
meaning.

The Hypervirial Condition for Alternant Systems

Many conjugated systems have the alternant sym-
metry, which leads to the outstanding consequences
for the m-electron ground state of an m-site system,
Coulson-Rushbrooke’s theorem and others.24:29 It is
never futile to mention the HVC for alternant systems
specially. For the assignment of starred and unstrarred
sites, follow the convention.

Let M* and M®be the subsets of M that consist of all
the starred sites and all the unstarred sites, respectively.
The Hiickel matrix of the alternant symmetry has the
components
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Orst (r,sEM™ or r,s€EM®)
br.y = Brs (TSEY) YEM*, S€M® (93)
or
0 (rs€Y) rEM®, sSEM*
Let us use the symbols
2o (r,sEM™)
pr: = ,? (T,SEMO) (94)
X (rEM*,sEM® or rEM®, sEM*)

distinctively. The set Cs contains only either starred or
unstarred sites. Let us affix “x’’ or “o” to Cs to show
the attribute of the sites contained therem. It is readily
found that the HVC includes the following three
classes of HVRs.

62 Q(Bﬂpts prBis) =0 (r<sEM™*), (95)
t
S (Bups — piBis) =0 (r<sEM®), (96)
tECS*
and
2 B"‘pxs 2 p:B‘S - d’s (YEM*’ SGMG) (97)
teC;o tEC*
with
Brs (% — p3) (rs€Y)
dis = (98)
0 (rs€EY).

The primary feature is that {p¥, pS} and {p}\} enter the
HVRs separately. In particular, the first and the
second classes concern only the bond orders {p}}
without regard to any site electron density. Note that,
so far, the state is not specified.

Now let us confine ourselves to the m-electron
ground state. The well-known two consequences of
the alternant symmetry?24.28

* =] (rEM*)
{ (99)
pr =1 (rEM®)
and
pr: = (T#SEM*)
l (100)
=0 (r#£sEM®)
are related to each other through the third class of
HVRs, forming an ‘“‘admissible solution” of the
HVRs. Since the rest is only {p;}, the first and the

second classes of HVRs can be utilized for determining
them directly with some auxiliary conditions. As a
matter of fact, the main condition used by Hall in his
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method of determining bond orders in alternant sys-
tems is really the HVRs.2? Although he said nothing
about the hypervirial theorem there, his method is an
interesting application of the HVC.29
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